Abstract. In this article, we completely determine the isomorphism classes of lattice vertex operator algebras and the vertex operator subalgebras fixed by a lift of the −1-isometry of the lattice. We also provide similar results for certain even lattices associated with doubly-even binary codes.
Introduction
The lattice vertex operator algebra (VOA) V L associated with an even lattice L is a fundamental example in VOA theory ( [Bo86, FLM88] ). The VOA V L has an automorphism of order 2 lifted from the −1-isometry of L, and the fixed-point subspace V + L is a subVOA of V L . The famous moonshine VOA V ♮ was constructed in [FLM88] as an extension of V Given a doubly-even binary code C, one can obtain an even lattice L(C) = 1 √ 2 ρ −1 (C) and a certain sublattice L + (C) of index 2, where ρ is the canonical map from Z n to Z n 2 . The Leech lattice Λ can be constructed as an overlattice of L + (G 24 ) ( [CS99] ), where G 24 is the extended binary Golay code. The construction of V ♮ in [FLM88] is, in some sense, analogous to this construction. Since there are many analogies among binary codes, lattices and VOAs ([Hö95, Hö03a, Hö08, Sh11]), it is natural to ask if the VOAs V L and V + L would behave like L(C) and L + (C), respectively.
In this article, we completely determine when V + L and V + N are isomorphic as well as when V + L and V N are isomorphic. We also obtain similar results for the even lattices L(C) and L + (C) associated with doubly-even binary codes C. As an observation, we notice that the isomorphism types of the VOAs V L and V + L are closely related to those of the lattices L(C) and L + (C) (see Table 1 ). Note that C(K) and C + (K) in the table are binary codes obtained from Kleinian codes K ( [Hö03a] ) and that some results for the even lattices were already given in [KKM91] . 
Next, let us explain our method for the case V 
. Since the lowest weights are the same, the rank of L is 8. Since M is a self-dual simple current, √ 2L * is even. Hence L contains a sublattice isomorphic to √ 2E 8 . By the same arguments for N , N has the same property. Since the discriminant groups of L and N are isomorphic, we have
for some doubly-even binary codes C and D with the same weight enumerator. The first case is an exceptional case. In the latter case, either both C and D are self-dual, or C ∼ = C + (K), D ∼ = C + (J) for some Kleinian codes K and J with the same weight enumerator. If both C and 
This article also contains proofs for the corresponding results in lattices. These should be useful for understanding the arguments in VOAs since the approach in lattices is quite similar to that in VOAs.
Preliminaries
In this section, we recall or give some definitions and facts required in this article.
1.1. Kleinian codes. In this subsection, we recall the basic definitions for Kleinian codes (cf. [Hö03a] ).
Denote the elements of the Kleinian four group K ∼ = Z 2 × Z 2 by 0, a, b, c, where 0 is the identity. A (linear) Kleinian code K of length n is a subgroup of
2 . The dimension of K is t if K has 4 t elements, where t ∈ 1 2 Z. The weight wt(x) of x = (x i ) ∈ K n is the number of nonzero x i . For m ∈ Z, let K(m) denote the set of all elements of weight m in K. A Kleinian code K is even if wt(k) ∈ 2Z for all k ∈ K. The symmetric bilinear product
, and zero otherwise. A Kleinian code is self-dual if it is equal to its orthogonal complement. Two Kleinian codes are equivalent if one of them is obtained from the other by a permutation of the coordinates together with a permutation of the symbols a, b and c at each coordinate. The weight enumerator of K is defined by
Up to length 8, self-dual Kleinian codes were classified in [Hö03a] . 
Two binary codes are equivalent if one of them is obtained from the other by a permutation of the coordinates. The weight enumerator of a coset x + C ∈ C ⊥ /C is defined by
We refer to [CS99] for the details about the binary codes e 8 and d Let (·, ·) be a positive-definite symmetric bilinear form on R n . The norm of v ∈ R n is (v, v). For a subset U ⊂ R n , let us denote by U (m) the set of all vectors of norm m in U . A subset L of R n is a (positive-definite) lattice of rank n if there is a basis e 1 , e 2 , . . . ,
Two lattices are isomorphic if one of them is obtained from the other by an orthogonal transformation of
We refer to [CS99] for the details about the lattices E 8 and D A vertex operator algebra
and non-zero vectors 1 V and ω V satisfying a number of conditions ( [Bo86, FLM88] 
satisfying a number of conditions ([FHL93]). We often denote it by M and its isomorphism class by [M ]. The weight of a homogeneous vector
where n is the central charge of
and V is rational if any module is completely reducible. A rational simple VOA V is holomorphic if any irreducible module is isomorphic to V .
The following was proved in [DM04b] . For the lattice VOA V L , see Section 1.5. 
which is also called the fusion rule.
Let
The uniqueness of simple current extensions was established as follows. 
When every irreducible V -module is a simple current, × is a binary operation on R(V ). In addition, if × satisfies the associative law, then (R(V ), ×) is a group, which we call the fusion group of V . Construction A: (
The weight enumerators of C(K) and C + (K) are given as follows:
Let us consider some examples.
Lemma 1.7.
(1) The binary code C(ǫ 2 ) is equivalent to e 8 . (2) The binary codes C(ǫ 2 2 ) and C(δ 
where
where α c is defined as before.
The theta series of L(C) and L + (C) are given as follows:
Let us consider some examples. 
is the unique irreducibleĥ L -module such that c acts as 1 and α ⊗ t n · 1 = 0 if α ∈ h L and n ≥ 0. Let us consider the twisted group algebra of the additive group L. Let κ L be a cyclic group of order 2 and let
is the usual group algebra of the groupL. The lattice VOA V L associated with L is defined to be V L = S(ĥ − L ) ⊗ C{L} as a vector space. We refer to [FLM88] for the definition of the vertex operator on V L . Note that the central charge of V L is n.
Let θ VL be an automorphism of V L of order 2 which is a lift of the −1-isometry
Note that the automorphism θ VL is not unique but the isomorphism type of V + L is independent of the choice of θ VL [DGH98, Appendix D]. As a summary, we obtain two VOAs of central charge n: (
The characters of V L and V + L are given as follows:
The following lemma was verified in [Sh06, Lemma 3.4]. are isomorphic.
Now, we recall some facts about irreducible modules for
Then J is a normal subgroup ofL. Let T χ be an irreducible module forL/J with character χ satisfying χ(κJ) = −1. Then there are two irreducible V
. By the fusion rules for irreducible V + L -modules [Ab01, ADL05], one can obtain the following lemma.
The characters of V 
2. Isomorphism problems for the even lattices L(C) and L + (C) 2.1. A characterization of doubly-even binary codes obtained from Kleinian codes. In this subsection, we characterize the doubly-even binary codes obtained by Construction B from Kleinian codes, which will play an important role in Sections 2.3 and 2.4. Note that this is a code analogue of the characterization of the even lattices obtained by Construction B (see Proposition 3.2) given in [Sh06] .
Lemma 2.1. Let C be a doubly-even binary code of length n = 4m ∈ 4Z.
( 
Since C is a doubly-even binary code, K is an even Kleinian code.
(2): SetC = C + F 2 u 1 . It follows from u 1 ∈ C ⊥ and wt(u 1 ) = 4 thatC is doubly-even. Since u 1 / ∈ C, we have C C . Let y = (y 1 , y 2 , . . . , y m ) ∈ C ⊥ \C ⊥ , where y i ∈ F 4 2 . It follows from y, u i = 0 and y, u i + u j = 0 for all i, j that wt(y i ) = 1 or 3 for all i. SinceC is doubly-even,C ⊂C ⊥ . Hence u i ∈C ⊥ for any i, and we may assume that wt(y i ) = 1 for all i, and y = (00010001 . . . 0001) up to coordinate permutation.
Let x = (x 1 , x 2 , . . . , x m ) ∈ C, where x i ∈ F 
Proposition 2.2. Let C be a doubly-even binary code of length n. If there exists a coset
Proof. In order to apply Lemma 2.1 (2), we will show that the coset x + C contains {u i | 1 ≤ i ≤ n/4}. Assume {u i | 1 ≤ i ≤ r} ⊂ x + C and r < n/4. We claim that the coset x + C contains (0 4r , z) with wt(z) = 4. Let v = (v 1 , v 2 , . . . , v r , z) ∈ (x + C)(4), where v i ∈ F By the definition of Y , we have
By the upper bound of |Y |,
and it is greater than 0 by r < n/4 and the claim follows. Hence there is an element (0 4r , z) ∈ x + C with wt(z) = 4. We define it to be u r+1 up to coordinate permutation. Thus the coset x + C contains {u i | 1 ≤ i ≤ n/4} up to coordinate permutation, and n/4 must be an integer. Moreover, u i + u j ∈ C for all i, j. Hence
Therefore the proposition follows from Lemma 2.1 (2).
Even lattices L(C). In this subsection, we study the isomorphism classes of L(C). The following proposition is well-known (cf. [CS99, Chapter 18, Proposition 4]
). However, we give a sketch of a proof since it would be useful for understanding the arguments in the VOA case (see Section 3.1).
Proposition 2.4. Let C and D be doubly-even binary codes of length n. Then L(C) ∼ = L(D) if and only if
Proof. The "if" part is obvious. For the "only" part, we assume that L(C) ∼ = L(D). One can verify that the Weyl group of the norm 2 vectors in L(C) is transitive on the set of all orthogonal bases of norm 2 in L(C). Hence we may assume that the canonical bases {α i | 1 ≤ i ≤ n} of L(C) and L(D) in (1.3) are the same up to automorphism. Since the binary code C can be recovered from {α i | 1 ≤ i ≤ n}, we obtain C ∼ = D.
Even lattices L
+ (C). In this subsection, we study the isomorphism classes of L + (C). The following lemma can be easily proved by using the quadratic spaces of plus type over F 2 associated to doubly-even binary codes of length 8k containing (1 8k ). 
is the basis of R 4m as defined in (1.3) and (1.4). Then ρ is an isomorphism of lattices from L(C
The following proposition was shown in [KKM91] if n > 16, and the case n ≤ 16 is a finite problem. However, we give a proof here since it is useful for understanding the VOA case (Theorem 3.9). (1) C and D are equivalent.
(2) C and D are doubly-even self-dual binary codes of length 16.
Proof. The "if" part follows from Lemmas 1.2 (2) and 1.9 (3). For the "only" part, we assume that
. Then by Lemma 1.8 (3) and the fact that θ 2 and θ 3 are algebraically independent ([Eb02, Section 2.9]),
, where {α i | 1 ≤ i ≤ n} is the canonical basis of R n as defined in (1.3) and (1.4). Without loss of generality, we assume λ, λ = 2. By (1.4),
By the actions of ε c , we may assume that Then by Proposition 2.2, C ∼ = C + (K) and C + F 2 y ∼ = C(K) for some even Kleinian code K of length n/4. Hence
where the last isomorphism is given in Lemma 2.6. Thus by Proposition 2.4,
One easily see that there are only four doubly-even binary codes of length 8 containing (1 8 ) up to equivalence, and those are determined by the dimensions. Hence C ∼ = D.
(iv) Assume that λ = α (1 n ) /4. Since the norm of λ is 2, n must be 16. Let
If C is self-dual, then so is D, and hence (2) holds. Assume that C is not self-dual. Then by |C(4)| ≥ 0, we have 5 ≤ k ≤ 7. By Lemma 2.5, there is a doubly-even self-dual binary code E of length 16 such that C E. By Lemma 1.3 (2),
or e 2 8 , and |E(4)| = 28. Hence there exists a coset x + C ∈ E/C such that
By Proposition 2.2, C ∼ = C + (K) for some even Kleinian code K of length 4. By |C + (K)| = 2 3 |K|, we have |K| = 2 k−3 . By Lemma 1.6 (3) and (2.1), |K(2)| = |C(4)|/2 = 2 k−4 − 2. Since |K(4)| = |K| − |K(2)| − |K(0)| = 2 k−4 + 1, we obtain
Replacing C by D, we also have C ∼ = D, or D ∼ = C + (J) for some even Kleinian code J of length 4 with the same properties as K. One can verify that there are only four even Kleinian codes of length 4 satisfying (2.2) up to equivalence (cf. [Hö03a] ). Two of them are characterized by the weight enumerators, and the others are the two even self-dual Kleinian codes ǫ 2.4. Even lattices L(C) and L + (C). In this subsection, we study the isomorphism classes of L(C) and L + (C).
Theorem 2.8. Let C and D be doubly-even binary codes of length n. Then
and only if there exists an even Kleinian code
Proof. The "if" part follows from Lemma 2.6. For the "only" part, we assume that
Comparing the numbers of vectors of norm 2 in the lattices (Lemma 1.8 (3)), we obtain 8|C(4)| = 2n + 16|D(4)|.
Comparing the numbers of vectors of norm 2 in α 1 + L + (C) and α x /2 + L(D), we obtain 2n + 8|C(4)| = 16|(x + D)(4)|.
Combining the equations, we obtain
By Proposition 2.2, D ∼ = C + (K) for some even Kleinian code K. Then by Proposition 2.6 and an assumption,
By Theorem 2.7, C ∼ = C(K), or both C and C(K) are (non-isomorphic) doubly-even self-dual binary codes of length 16. In the first case, we are done. In the latter case, Lemmas 1.2 (2) and 1.7 (2) show C ∼ = C(K ′ ), where {K,
3. Isomorphism problems for the VOAs V L and V
In this subsection, we study the isomorphism classes of V L . The following proposition is well-known. Its proof is similar to that of Proposition 2.4. Proof. The "if" part is obvious. For the "only" part, we assume
α is the eigenspace of the 0-th product of h(−1)1 with eigenvalue (α, h). By the same argument,
1 has a finite dimensional reductive Lie algebra structure by the 0-th product. Using the fact that V L ∼ = V N , we may view both h L (−1)1 and h N (−1)1 as Cartan subalgebras of (V L ) 1 . Hence there exists
Since g is an automorphism of a VOA,ḡ is a linear isomorphism from N to L, and (ḡ(β),ḡ(β)) = (β, β) for all β ∈ N . Thusḡ is an orthogonal transformation, and N ∼ = L.
In this subsection, we study the isomorphism classes of V + L . The following proposition, which is similar to Proposition 2.2, was proved in [Sh06] .
Next, we will consider an even lattice L such that √ 2L * is even. The following lemma can be proved by using the quadratic spaces over F 2 associated to 2-elementary totally even lattices of rank 8k. Note that it is of plus type by [Ve79, Theorem 1]. (
Proof. Obviously, (1) shows (2). By Lemma 3.3 and [ADL05] , one can see that (3) implies (1).
Assume (2) and let
* . Hence √ 2L * is even, and we obtain (3).
Note that the fusion rules of V (1) L and N are isomorphic.
(2) L and N are even unimodular lattices of rank 16.
Proof. The "if" part follows from Lemmas 1.3 (2) and 1.11. For the "only" part, we assume that V ( 
and hence chV
where the last isomorphism is given in Lemma 3.8. By Proposition 3.1, we obtain
. By Lemma 1.10 and (1.7), the lowest weights of V 
by Lemmas 1.3 (1) and 3.5. Hence 
